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Abstract 

In the context of the Randall-Sundrum braneworld, an exhaus- 
tive and detailed description of the approach based in the minimal 
anisotropic consequence onto the brane, which has been successfully 
used to generate exact interior solutions to Einstein's field equations 
for static and non-uniform braneworld stars with local and non-local 
bulk terms, is carefully presented. It is shown that this approach al- 
lows the generation of a braneworld version for any known general 
relativistic solution. 



1 Introduction 



Is well known that the non-closure of the braneworld equations represents 
an open problem in the study of braneworld stars A better under- 

standing of the bulk geometry and proper boundary conditions is required to 
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overcome this issue. Since the source of this problem is directly related with 
the projection £ M „ of the bulk Weyl tensor on the brane, the first logical step 
to overcome this issue would be to discard the cause of the problem, namely, 
to impose the constraint £^ v = in the brane. However it was shown in [5] 
that this condition is incompatible with the Bianchi identity in the brane, 
thus a different and less radical restriction must be implemented. In this 
respect, a useful path that has been successful used consist in to discard 
the anisotropic stress associated to £^ u , that is, = 0. However, in our 
opinion, this constraint, which is useful to overcome the non-closure problem 
[6], represents a restriction too strong in the brane. The reason is that some 
anisotropic effects onto the brane should be expected as a consequence of 
the "deformation" undergone by the 4D geometry due to five dimensional 
gravity effects, as was clearly explained in [7J. 

As was already shown in [8] for braneworld stars, a useful constraint arises 
on the brane when the general relativity limit is demanded on any braneworld 
solution. There is a particular solution to this constraint, a constraint itself in 
the brane, the physical meaning of which represents a condition of minimal 
anisotropy projected onto the brane. In this paper, it is shown that this 
condition not only ensures a correct low energy limit, but also it represents 
a condition that is satisfied for any known general relativistic solution. 

The principal goal of this paper is to show that demanding the minimal 
anisotropic effects onto the brane, which is explained in detail in the present 
work, it is possible to construct the braneworld version of every general rela- 
tivistic solution, thus overcoming the non-closure problem of the braneworld 
equations by a natural braneworld generalization of any general relativistic 
solution. 

2 Non locality and the general relativity limit 
problem. 

The effective Einstein's field equation in the brane can be written as a mod- 
ification of the standard field equation through an energy-momentum tensor 
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carrying bulk effects onto the brane: 
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here a is the brane tension, with S^ v and £^ v the high-energy and non-local 
corrections respectively. 

Using the line element in Schwarzschild-like coordinates 



ds 2 = e^dt 2 - e x ^dr 2 - r 2 (d6 2 + sin W) 



(2) 



in the case of a spherically symmetric and static distribution having Weyl 
stresses in the interior, the effective equations can be written as 
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where f\ = df/dr and k 2 = 8ir. The general relativity is regained when 
a^ 1 — > and (jSJ) becomes a lineal combination of (JB])-(|HJ)- 

As it is clearly shown through the Eqs. (J3j)- (JHJ) , in the case of a non- 
uniform static distribution with local bulk terms (high energy corrections) 
and non-local bulk terms (bulk Weyl curvature contributions), we have an 
indefinite system of equations in the brane, that at the end is represented by 
the set of three unknown functions {p(r),p(r), v(r)} satisfying one equation, 
that is, the conservation equation fl6]) . Hence to obtain a solution we must 
add additional information. However it is not clear what kind of restriction 
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should be considered to close the system in the brane. As mentioned early, 
it is well known that the non closure of the braneworld equations is directly 
related with the projection of the bulk Weyl tensor £^ v on the brane. This is 
an open problem for which the solution requires more information of the bulk 
geometry and a better understanding of how our 4D spacetime is embedded 
in the bulk. 

To clarify the way to obtain some criterion which helps in searching a 
solution of the problem described in the previous paragraph, let us start 
with the apparent simplest way to find a solution to the system of equations 
in the brane: using (jSJ) in the original form of the equation ([3]), which is the 
field equation 
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we have a first order linear differential equation to the geometric function 
e~ A , given by 
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which formal solution is 
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Then when a solution {p, p, is} to (j6]) is found, we would be able to find 
A, V and U by (II ip . (j4j) and (jSJ) respectively. Therefore, from the point of 
view of a brane observer, finding a solution in the brane, at least from the 
mathematical point of view, seems not very complicated. However it was 
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shown in [S] that finding a consistent solution by starting from any arbitrary 
solution {p, p, u} to the conservation equation (jSJ), in general does not lead 
to a solution for e~ x having the expected form, which is 



l-—f r 2 pdr + -(Bulk effects). (13) 
r Jo a 



If the solution found to e~ x cannot be written by the way given by (113j) . 
then the general relativity limit, given through - — > 0, will not be regained. 
Unfortunately this happen when we start from any arbitrary solution {p, p, u} 
to (jSJ). The source of this problem has to do with the formal solution to e~ A 
given through ([TT]) . Such a solution has mixed general relativity terms with 
non-local bulk terms in such a way that makes impossible to regain general 
relativity. 

A different way to explain why the formal solution (TTTTl leads to the so- 
called "general relativity limit problem" is detailed next. First of all, it 
seems make sense to consider a solution to the geometric function A as a 
generalization of the standard general relativity solution through 



e- x 
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is the effective density having local and non-local bulk effects on the brane. 
It can be seen that taking the limit - — > the well known general relativity 
solution is regained. Thus the lost of the general relativity seems not being 
a problem anymore. However we will see that the naive solution ( 114)) is not 
a true solution at all. Let us start using (j3J) in ffT5l) to obtain 



P = P 



thus (fT4l is written as 
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Thus we can see that the "solution" (|T3|) depends itself on A(r) and Ai(r) 
through G\ and Gf, hence it represents an integral differential equation 
for the geometrical function A(r), something completely different from the 
general relativity case, and a direct consequence of the non-locality of the 
braneworld equations. A way to get it over will be explained in the next 
section. 



3 Generating a constraint in the brane 



So far we have two problems closed related making difficult the study of 
non-uniform braneworld stars, which any braneworld observer has to face, 
namely, the non possibility of regaining general relativity when the formal so- 
lution ( TTT|) is implemented or the existence of an integral differential equation 
when the standard solution (j!4p is enforced. A method already presented in 
[8] to overcome these two problems, which eventually leads to a constraint 
producing a reduction of the degrees of freedom in the brane, is explained in 
detail next. 

Fist of all let us split the differential equation ( ITOl) as 
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here the left bracket has the standard general relativistic terms and the right 
bracket the bulk effects which modify the general relativistic equation. It 
can be seen that not all terms in the right bracket are manifestly bulk con- 
tributions, that is, not all of them are proportional to -. Indeed only high 
energy terms are manifestly bulk contributions, while terms whose source 
is Weyl curvature remain as not explicit bulk contribution. This non-local 
terms, which are non explicit bulk contributions, are easily mixed with gen- 
eral relativistic terms, as is shown in the differential equation ffTOj) . Hence 
the solution eventually found to e~ A , when ( flO]) is solved, is written in such 
a way that will never have the form shown in (fl3|) . Therefore it will not be 
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possible to regain the general relativistic solution when the - — > limit is 
taken. 

Keeping in mind general relativity as a limit, and the fact that a braneworld 
observer should see a geometric deformation due to five dimensional gravity 
effects, the following solution is proposed for the radial metric component: 

e~ A = fi + Geometric Deformation, (19) 

where the p function is the well known general relativistic solution, given by 
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The unknown geometric deformation in (1T9l should have two sources: extrin- 
sic curvature and five dimensional Weyl curvature, hence it can be written 
as a generic / function 



which at the end will have the form 
1 
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where, according to ffT7|) . the non local terms in (122]) must be related with 
the anisotropy projected onto the brane. 

Demanding that the proposed solution (I2T!) satisfies (|T8l) . a first order 
differential equation to / is obtained, given by 
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where the function H(p, p, v) is defined as 
T ,a 1 i '2 

Solving ( 125]) the / function is written a^| 
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1 The constant of integration is put equal to zero to avoid a singular solution. 
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where local and non-local bulk effects can be seen. In ( 12 5 j) the function I is 
given again by the expression shown in ffT2]) . 

It is easy to see through the equations (J3])- (J5j) evaluated at cr _1 = 
(general relativity) that the non-local function H(p,p, v) can be written as 

H(p, p, u) = (2Gj + G\) U-i =0 - 8vr3p, (26) 

which clearly correspond to an anisotropic term. In the general relativity 
case, that is, perfect fluid solution, the function H(p,p,v) vanishes as a 
consequence of the isotropy of the solution. However, in the braneworld 
case, the general relativity isotropic condition H(p,p,u) = 0, in general 
should not be satisfied anymore. There is not reason to believe that the 
modifications undergone by p, p and u, due to the bulk effects on the brane, 
do not modify the isotropic condition H(p,p,v) = 0. Therefore in general 
we have H(p,p, v) ^ 0. Thus the solution to the geometric function A(r) is 
finally written by 
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In order to recover general relativity, the following condition must be 
satisfied 

ft e 1 

lim a -i^ o / jz—jrH(p,p,v)dr = Q. (28) 

\ 2 r > 

The expression f )28|) can be interpreted as a constraint whose physical mean- 
ing is nothing but the necessary condition to regain general relativity. A 
simple solution to (1281) which has a direct physical interpretation is 

H(p,p,u)=0. (29) 

The constraint fl29|) explicitly ensure the general relativity limit^ through the 
solution ( 1271) . and has been proven to be useful in finding solutions which 
posses general relativity as a limit [8J. It was clearly established through the 
equation ([26"]) that the constraint (1291) represents a condition of isotropy in 
general relativity. Thus in the context of the braneworld the constraint ( 1291) 



2 Indced, every perfect fluid solution satisfies H=0 (see next section) 
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has a direct physical interpretation: eventual bulk corrections to p, p and v 
will not produce anisotropic effects on the brane. A clearer physical meaning 
of the constraint fl29|) will be illustrated in the next section. 

4 Generating the braneworld version of any 
known general relativistic solution 

After the constraint ( l2"9"|) is imposed, the problem on the brane is reduced 
to finding a solution {p{r), p{r),u{r)} satisfying (JS)) and (129]) . The author 
found that the following general expression for the geometric variable v{r) 

e v = A(l + Cr m ) n (30) 

produces an analytic expression for the integral shown in (j!2p which has 
to be used in ff271) . and a complicated integral equation for p when (130]) is 
used in ([6]) and (1291 . It is difficult to figure out appropriates values for 
the set of constants {A, C, m, n} leading to exact expressions for p and p, 
and even more in the searching of exact and physically acceptable solutions. 
Nevertheless exact solutions for {p(r), p(r), u(r)} where found in Ref. [8] and 
an exact solution for the complete system {p(r), p(r), v(r), A(r), U(r), V(r)} 
is reported in Ref. [7]. It is worth noticing that in the case of a uniform 
distribution the system is closed, thus it is not necessary to impose any 
additional restriction except the constraint ( 1291) . which will produce a non 
lineal differential equation for the geometric function v. 

The way described in the previous paragraph was successfully used by 
the author. However now we become aware of an important issue regarding 
the constraint ( l29l) . which was not previously mentioned: every solution for 
a perfect fluid satisfies the minimal anisotropic condition represented through 
the constraint H=0. Therefore, the constraint (129]) represents a natural way 
to generalize perfect fluid solutions (general relativity) in the context of the 
braneworld. The method consist in taking a known perfect fluid solution 
{p{r), p{r),u{r-)}, then A(r), V(r) and U{r) are found through (|27|) . (0J and 
()5]) respectively. Of course the fact that the constraint (1291 be satisfied by 
every known perfect fluid solution does not mean that any of these solutions 
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can be directly used to find an exact braneworld solution. In order to inves- 
tigate if one particular general relativistic solution has an exact braneworld 
version, the first step is to analyze the temporal component of the metric. If 
u(r) is not simple enough, then hardly it will provide an analytic expression 
for (JT2|) . Even in the case where (fl~2j) be analytic, finding an exact expres- 
sion for A(r) using (|27|) is very difficult. Nevertheless, this approach, which 
is entirely based in the constraint H = 0, always can be used to obtain the 
braneworld version of any general relativistic solution by numerical methods. 
Next it is explained a direct physical meaning of this constraint. 

Using the geometric deformation / as shown in Eq. ( 12 ip in the expression 
for V given in (J3J) , it is found that the anisotropy induced by five dimensional 
effects may be written in term of the geometric deformation as 

487T 1 , 1 i/i.l. 9 2/i. 1 . 2 X 



+f(- 2 + -) - \f(2v n + v\ + 2^) - -Uv, + I 



When the constraint fl29|) is imposed the anisotropy induced shown in 
( j3~TT) is written in terms of the geometric deformation by 
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where 



/* = — ( energy terms) + non local terms, (33) 

a v ' 

= 

is the minimal geometric deformation, whose explicit form may be seen by 
f f25|) as following 

/•-v^I^^+^H. (3*) 



The expression (1341) represents a minimal geometric deformation in the sense 
that all sources of the geometric deformation / have been removed except 
those produced by the density and pressure, which are always present in a 
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stellar distribution.]. It is clear that the geometric deformation represented 
by the /* function is a source of anisotropy, as may be seen in (1321) . However 
there is another source for V, which is represented by the bracket shown in 
( |32l) . Nevertheless, when the constraint ( 1291) is imposed the bracket shown 
in ( )32|) should be zero, since eventual bulk corrections to p, p and v do not 
produce anisotropic effects on the brane. Indeed, every general relativistic 
solution produces 

48tt 3 r 1 . 1 v u I 

-r^V = - — ^ + p{— + —) - 8np 
k 2 I r r r 

-> , / 

-8ttTI-G\=0 

+n- 2 + -)- \n^n + a + - + -), (35) 

thus leaving the minimal geometric deformation /* as the only source for the 
anisotropy induced inside the stellar distribution. Therefore every general 
relativistic solution satisfies the minimal anisotropic effect onto the brane. 
In consequence any general relativistic solution may be used to obtain a 
consistent braneworld stellar solution. Here below is shown the basic steps 
to use this approach. 

• Step 1: Impose the constraint H(p,p,v) = to make sure we have a 
solution for the geometric function A(r) with the correct limit: 

e -A ( r) = l _*ar r 2 pdr + ^ e -i r f 2 + 3 \ dr _ 

r Jo a Jo + f) v / 

• Step 2: Pick a known general relativistic solution (p,p,u) to the con- 
servation equation p' = —\{p + p) ■ 

• Step 3: Find V and U by equations shown in (jlj) and (JSJ). 

• Step 4: Drop out the condition of vanishing pressure at the surface to 
obtain the bulk effect on any constant C — > C(a). Then we are able to 
find the bulk effect on pressure and density. 

In the next section the Schwarzschild's interior solution will be considered 
as a clear example of this approach. 

3 An even minimal deformation is obtained for a dust cloud, where p = 0. 
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Figure V. The bulk effects produce a geometric deformation onto the brane, 
which is minimal when H = is imposed. Thus the anisotropic consequence 
onto the brane is minimal as well. 
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5 Conclusions and outlook 



In the context of the Randall-Sundrum braneworld, a detailed description of 
the approach based in the minimal anisotropic consequence onto the brane 
was carefully presented. The explicit form of the anisotropic stress was ob- 
tained in terms of the geometric deformation undergone by the radial metric 
component, thus showing the role played by this deformation as a source of 
anisotropy inside the stellar distribution. It was shown that this geomet- 
ric deformation is minimal when a general relativistic solution is considered, 
therefore any general relativistic solution belongs to a subset of braneworld 
solutions producing a minimal anisotropic consequence onto the brane. It was 
found that through this approach, it is possible to generate the braneworld 
version of any known general relativistic solution, thus overcoming the non- 
closure problem of the braneworld equations. 

In this work a consistent way to generate the braneworld version of any 
general relativistic solution in the context of the Randall-Sundrum theory was 
shown. This approach might be extended in the case of braneworld theories 
without Z 2 symmetry or any junction conditions, as those introduced in [11] 
and [12J, which have been successfully used in the astrophysics context [13] . 
Another subjects of interest is the use of this approach in brane theories with 
variable tension, as introduced by [H] in the cosmo logical context, and the 
study of codimension-2 braneworld theories, as those developed in [15] and 
[IB] . A possible extension of this approach in all these theories is currently 
being investigated. 
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